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The boundary-value problem for Laplace type operators acting on smooth sections of a vector bundle over a compact Riemannian manifold with generalized local boundary conditions including both normal and tangential derivatives is studied. The condition of strong ellipticity of this boundary-value problem is formulated. The parametrix and the heat-kernel in the leading approximation are explicitly constructed. As a result, all previous work in the literature on heat-kernel asymptotics is shown to be a particular case of a more general structure. For a bosonic gauge theory on a compact Riemannian manifold with smooth boundary, the problem is studied of obtaining a gauge-field operator of Laplace type, jointly with local and gauge-invariant boundary conditions, that should lead to a strongly elliptic boundary-value problem. The scheme is extended to fermionic gauge theories by means of local and gauge-invariant projectors. After deriving a general condition for the validity of strong ellipticity for gauge theories, it is proved that for Euclidean Yang-Mills theory and Rarita-Schwinger fields all the above conditions can be satisfied. For Euclidean quantum gravity, however, this property no longer holds. Correspondingly, some unusual formulae for the heat-kernel diagonal are also obtained.
Introduction
The differential operators of Laplace type are well known to play a crucial role in mathematical physics. By choosing a suitable gauge it is almost always possible to reduce the problem of evaluating the Green functions and the effective action in quantum field theory to a calculation of Green functions (or the resolvent) and functional determinants (or the ζ-functions) of Laplace type operators. These objects are well defined, strictly speaking, only for self-adjoint elliptic operators. Thus, on manifolds with boundary, one has to impose some boundary conditions that guarantee the self-adjointness and the ellipticity of the Laplace type operator. The simplest choice are the Dirichlet and Neumann boundary conditions when the fields or their normal derivatives are set to zero on the boundary. A slight modification of the Neumann boundary conditions are the so-called Robin ones, when one sets to zero at the boundary a linear combination of the values of the fields and their normal derivatives. An even more general scheme corresponds to a mixed situation when some field components satisfy Dirichlet conditions, and the remaining ones are subject to Robin boundary conditions [1, 2] .
However, this is not the most general scheme, and one can define some generalized boundary conditions which are still local but include both normal and tangential derivatives of the fields [3] . For example, by using linear covariant gauges in quantum gravity, one is led to impose boundary conditions that involve the tangential derivatives as well, to ensure that the whole set of boundary conditions on metric perturbations is invariant under infinitesimal diffeomorphisms [4, 5] . The same boundary conditions may be derived by constructing a BRST charge and requiring BRST invariance of the boundary conditions [6] .
In this paper we are going to study the generalized boundary-value problem for Laplace and Dirac type operators, the latter being relevant for the analysis of fermionic models. Interestingly, such a boundary-value problem is not automatically elliptic. Therefore, we find first an explicit criterion of ellipticity (section 2.3). Then we construct the parametrix and the heat-kernel in the leading approximation (section 3). The application of this formalism (section 4) proves that the generalized boundary-value problem is strongly elliptic for Euclidean Yang-Mills theory (section 5) and Rarita-Schwinger fields (section 6), but not for Euclidean quantum gravity (section 7). The possible implications are finally discussed in section 8.
Laplace type and Dirac type operators
Let (M, g) be a smooth compact Riemannian manifold of dimension m with smooth boundary, say ∂M. Let g be the positive-definite Riemannian metric on M andĝ be the induced metric on ∂M. Let V be a (smooth) vector bundle over the manifold M and C ∞ (V, M) be the space of smooth sections of the bundle V . Let V * be the dual vector bundle and E : V → V * be a Hermitian non-degenerate metric, E † = E, that determines the Hermitian fiber scalar product in V . Using the invariant Riemannian volume element dvol (x) on M we define a natural L 2 inner product (, ) in C ∞ (V, M), and the Hilbert space L 2 (V, M) as the completion of C ∞ (V, M) in this norm. Further, let ∇ V be the connection on the vector bundle V compatible with the metric E, tr g = g ⊗ 1 be the contraction of sections of the bundle T * M ⊗ T * M ⊗ V with the metric on the cotangent bundle T * M, and Q be a smooth endomorphism of the bundle V , i.e. Q ∈ End (V ), satisfying the conditionQ
Hereafter we call such endomorphisms self-adjoint. Then a Laplace type operator, or generalized Laplacian,
is a second-order differential operator defined by
where
and ∇ T * M is the Levi-Civita connection on M. Let V be a Clifford bundle and Γ : T * M → End (V ), Γ(ξ) = Γ µ ξ µ , be the Clifford map satisfying Γ(ξ 1 )Γ(ξ 2 ) + Γ(ξ 2 )Γ(ξ 1 ) = 2g(ξ 1 , ξ 2 )1 I V , (2.5)
for all ξ 1 , ξ 2 ∈ T * M, where 1 I V is the identity endomorphism of the bundle V . Let ∇ V be the Clifford connection compatible with the Clifford map. Then a Dirac type operator
is a first-order differential operator defined by [1, 7] D ≡ i(Γ∇ V + S), (2.7)
with S ∈ End (V ). Of course, the square of the Dirac operator is a Laplace type operator.
Geometry of boundary operators

Laplace type operator
For a Laplace type operator we define the boundary data by
are the restrictions of the sections ϕ ∈ C ∞ (V, M) and their normal derivatives, to the boundary (hereafter, N is the inward-pointing unit normal vector field to the boundary). To make the operator F symmetric (see section 2.2), one has to impose some conditions on the boundary data ψ F (ϕ).
In general, a d-graded vector bundle is a vector bundle jointly with a fixed decomposition into d sub-bundles [1] . In our problem, let the vector bundle W F over ∂M be the bundle of the boundary data. Of course, there is a natural grading [1] 10) and, therefore, dim
The bundles W 0 and W 1 have the same structure, and hence in the following they will be often identified. Let
Since the dimension of the bundle W F is twice as big as the dimension of
, it is convenient to identify the bundle W ′ F with a sub-bundle of W F by means of a projection
Note that the rank of the projector P F is equal to the dimension of the bundle V ,
The boundary operator B F can be then presented in the form
where L is a non-singular tangential operator
In other words, the boundary conditions mean
Now let Π be a self-adjoint projector acting on W 0 and W 1 ,
In our analysis, we consider the projector P F and the operator L of the form
where Λ is a symmetric tangential differential operator on ∂M,
satisfying the conditions Here <, > denotes the L 2 inner product in C ∞ (W, ∂M) determined by the restriction of the fiber metric to the boundary.
Hence we obtain
Note that B F and K F are complementary projectors
Moreover, by virtue of the property (2.15), both the operators B F and K F do not vanish.
Dirac type operator
For a Dirac type operator (see (2.7)) the normal derivatives are not included in the boundary data ψ D (ϕ), and such boundary data consist only of the restriction ψ D (ϕ) = ψ 0 (ϕ) (see (2.9)) of sections ϕ ∈ C ∞ (V, M) to the boundary. Therefore, the bundle of the boundary data W D is just the restriction W 0 of the bundle V and, similarly, the auxiliary vector bundle
This should be compared with (2.11) and (2.12). As above, W ′ D can be identified with a sub-bundle of W D by means of a projection
but now the dimension of the projector P D is equal to one half of the dimension of the bundle V :
The boundary conditions for the operator D read
where now the operator B D is not a tangential differential operator but just a projector
Symmetry 2.2.1 Laplace type operator
The Laplace type operator F is formally self-adjoint, which means that it is symmetric on any section of the bundle V with compact support disjoint from the boundary ∂M, i.e.
However, a formally self-adjoint operator is not necessarily self-adjoint. It can be essentially self-adjoint if it is: i) symmetric on any smooth section, i.e.
and ii) there exists a unique self-adjoint extension of it acting on L 2 (V, M). The latter property can be proved by studying deficiency indices, or Weyl's limit-point limit-circle criterion [8] , but is not the object of our investigation.
The antisymmetric bilinear form I F (ϕ 1 , ϕ 2 ) depends on the boundary data. Integrating by parts, it is not difficult to obtain
To ensure the symmetry, we have to fix the boundary operators B F in such a way to make this form identically zero. The condition for that reads
By using the general form (2.27) of the operator K F , we find herefrom that this is for sure satisfied for a symmetric operator Λ that is orthogonal to the projector Π. Thus, we have proven the following result: 
Dirac type operator
In the case of Dirac type operators there are two essentially different cases. The point is that, in general, there exist two different representations of the Clifford algebra satisfyinḡ
In odd dimension m there is only one possibility, ε = −1, corresponding to self-adjoint Dirac matrices, whereas for even dimension m they can be either self-adjoint or anti-selfadjoint. By requiring the endomorphism S to satisfy the condition
we see that the Dirac type operator (2.7) is formally self-adjoint for ε = −1 and anti-selfadjoint for ε = 1:
In complete analogy with the above, we easily find the condition for the Dirac type operator to be (anti)-symmetric,
. This gives a condition for the boundary operator,
wherefrom, by using (2.33), we obtain a condition for the projector P D ,
Hence we get a sufficient condition on the boundary projector,
This means that P D can be expressed in the form with some cotangent vector u ∈ T * ∂M on the boundary. In even dimension m there exists another very simple solution,
where C is the chirality operator defined with the help of an orthonormal basis e a in T * M,
One easily finds
53)
for any ξ ∈ T * M, so that the conditions (2.48) are satisfied. Thus, we have 
55)
and, for ε = −1,
where u ∈ T * ∂M. In the case of an even-dimensional manifold M, the boundary projector
57)
C being the chirality operator, is also admissible.
Strong ellipticity 2.3.1 Laplace type operator
Now we are going to study the ellipticity of the boundary-value problem defined by the boundary operator (2.27). Our presentation differs from the one in [9] , since we always work with self-adjoint projectors. In this paper we are interested in the so-called generalized boundary conditions, when Λ is a first-order tangential differential operator acting on sections of the vector bundle W 0 over ∂M. Any formally self-adjoint operator of first order satisfying the conditions (2.26) can be put in the form (hereafter,∇ i denotes (m − 1)-dimensional covariant differentiation tangentially, defined in ref. [1] )
are some endomorphism-valued vector fields on ∂M, and S is some endomorphism of the vector bundle W 0 , satisfying the conditions
59)
Now we are going to determine under which conditions the boundary-value problem is strongly elliptic [1] . First of all, the leading symbol of the operator F should be elliptic in the interior of M. The leading symbol of the operator F reads
where ξ ∈ T * M is a cotangent vector and 1 I is the identity endomorphism of V . Of course, for a positive-definite non-singular metric the leading symbol is non-degenerate for ξ = 0. Moreover, for a complex λ which does not lie on the positive real axis, λ ∈ C − R + (R + being the set of non-zero positive numbers),
This equals zero only for ξ = λ = 0. Thus, the leading symbol of the operator F is elliptic. Second, the so-called strong ellipticity condition should be satisfied [1, 10] . As we already noted above, there is a natural grading in the vector bundles W F and W ′ F which reflects simply the number of normal derivatives of a section of the bundle [1] . This enables one to define the graded leading symbol of the boundary operator B (2.27),
where, by virtue of (2.58), To define the strong ellipticity condition we take the leading symbol σ L (F ;x, r, ζ, ω) of the operator F (x are local coordinates on ∂M, r is the normal geodesic distance of x ∈ M to ∂M [1] ), substitute ω → −i∂ r and consider the following ordinary differential equation:
for a ϕ ∈ C ∞ (V, R + × ∂M) with a complex λ ∈ C − R + which does not lie on the real positive axis. The boundary-value problem (F, B) is said to be strongly elliptic if there exists a unique solution to the equation (2.67) for any (ζ, λ) = (0, 0), λ / ∈ R + , such that
with ψ(ϕ) ∈ C ∞ (W, ∂M) being the boundary data defined by (2.8) and (2.9), for any ψ ′ ∈ W ′ . For a Laplace type operator the equation (2.67) takes the form
where ζ 2 ≡ĝ ij (x)ζ i ζ j . The general solution satisfying the decay condition at infinity,
where µ ≡ √ ζ 2 − λ. Since (ζ, λ) = (0, 0) and λ ∈ C − R + , one can always choose Re µ > 0.
The boundary data are now
Thus, the question of strong ellipticity for Laplace type operators is reduced to the invertibility of the equations
The eq. (2.73) can be transformed into (cf. [9] )
Remember that ψ 
Since the matrix iT is self-adjoint, it has only real eigenvalues. It is clear that, for any non-real λ ∈ C − R, µ = √ ζ 2 − λ is complex and, therefore, the matrix [1 Iµ − iT ] is non-degenerate. For real negative λ, µ is real and we have µ > |ζ|. Thus, the condition (2.76) means that the matrix |ζ|1 I − iT is positive-definite,
A sufficient condition for that reads
The eq. (2.79) means that all eigenvalues of the matrix (iT ), both positive and negative, are smaller than |ζ|, whereas (2.78) means that only the positive eigenvalues are smaller than |ζ|, but says nothing about the negative ones. A similar inequality has been derived in [11] , but in that case the boundary operator does not include the effect of Π, following [3, 12] . This proves the following theorem:
Theorem 3 Let F be a Laplace type operator defined by (2.3) , and B F the generalized boundary operator given by (2.27 ) with the operator Λ defined by (2.58) . Let ζ j ∈ T * (∂M) be a cotangent vector on the boundary and T ≡ Γ j ζ j . The boundary-value problem (F, B F ) is strongly elliptic if and only if the matrix |ζ|1 I− iT , for any non-vanishing ζ j , is positivedefinite, i.e. |ζ|1 I − iT > 0.
Dirac type operator
The question of strong ellipticity for boundary-value problems involving Dirac type operators can also be studied. As is well known, the leading symbol of a Dirac type operator reads
Since the square of a Dirac type operator is a Laplace type operator, it is clear that the leading symbol σ L (D; x, ξ) is non-degenerate in the interior of M for ξ = 0. Moreover, for a complex λ we find
But this vanishes only for Im λ = 0 and Re λ = ±|ξ| and arbitrary ξ. Thus, for (ξ, λ) = (0, 0) and
The boundary-value problem for a Dirac type operator D is strongly elliptic if there exists a unique solution of the equation
The general solution of (2.82) satisfying the decay condition at infinity reads ϕ = χ exp(−µr), (2.85) where now µ ≡ √ ζ 2 − λ 2 . Again, since (ζ, λ) = (0, 0), λ ∈ C − R + − R − , the root can be always defined by Re µ > 0. The constant prefactor χ should satisfy the equation
and the boundary condition 
(2.90)
Note that, since P D χ − vanishes, the coefficient of P D in Eq. (2.90) is arbitrary, and is set equal to 2 for convenience. Thus, the question of strong ellipticity for a Dirac type operator is reduced to the matrix [X + λ(2P D − 1 I)] being non-degenerate,
for any (ζ, λ) = (0, 0), λ ∈ C − R − − R + . If this is satisfied, then the solution reads
Let us set (2P D − 1 I) ≡ η and let us compute the square of the matrix [X + λη]. For the boundary projectors defined by (2.55) and (2.57) the matrix η is either η = Γ(N), η = Γ(u)/|u| with some u ∈ T * ∂M or (in even dimension m only) is exactly the chirality operator η = C (see (2.49)-(2.51)). By using the properties (2.5) of the Clifford algebra and those of the chirality operator η (see (2.52)-(2.54)), we compute
and
We see that, in both cases, the matrix [X + λ(2P D − 1 I)] is non-degenerate for any (ζ, λ) = (0, 0) and any non-vanishing λ that does not lie on the real axis. Further, we find also
Bearing in mind that µ ≡ √ ζ 2 − λ 2 , we see that this does not vanish for any ζ = 0. However, for ζ = 0 and arbitrary λ, with Im λ > 0, this equals zero. Thus, the boundary projector P D = (1 I ± Γ(N)/2 is not strongly elliptic. It is elliptic only for Im λ < 0.
Thus, we have proven 
Parametrix and heat-kernel
A boundary-value problem given by the pair (F, B) is strongly elliptic if there exists a well defined parametrix G(λ) = (F − λ) −1 to zero order. We now construct such a parametrix for a Laplace type operator F with generalized boundary operator (2.27), jointly with the corresponding heat-kernel.
Parametrix
The resolvent G(λ) is defined by the equation
The generalized boundary conditions for the resolvent take the form
We write them first in full detail to avoid any misunderstanding. Moreover, the resolvent satisfies the condition
which follows from the formal self-adjointness of the operator F .
To determine the parametrix of zero order, we fix a pointx ′ ∈ ∂M on the boundary and consider the tangent space T ∂M. We then replace the manifold M by the flat manifold M 0 ≡ R + × T ∂M and neglect the endomorphisms Q in the operator F , and S in the operator Λ. Thus, we deal now just with a Laplace type operator with constant coefficients,
constant projector Π, constant matrices Γ j and the boundary operator Λ in the form
We look for the solution of the problem in form of a Fourier transform,
The Fourier transform satisfies the equation 9) and the boundary conditions ΠG 0 (λ|0, r ′ ; ζ) = 0,G 0 (λ|r, 0; ζ)Π = 0, (3.10)
Further to this, the resolvent should be bounded,
and formally self-adjoint,G
It is convenient to assume first λ to be a real negative constant and then perform the analytic continuation to C − R + . The solution of the above problem is almost obvious. It includes a 'free' part which gives the resolvent on the line R, and a boundary part which takes into account the boundary conditions. On requiring regularity at infinity, we can write down the solution up to a constant self-adjoint matrix h =h, 16) and θ is the usual step function 19) the boundary conditions take the form
Assuming that the matrix 1 Iµ − iT is invertible for any (ζ, λ) = (0, 0), we obtain the solution of these equations in the form
where eq. (2.66) has been used. In a particular case, Γ j = 0, this reduces to
Note that the function h(µ, ζ) depends actually on the ratio ζ/µ, in other words, it satisfies the homogeneity relation h(sµ, sζ) = h(µ, ζ).
(3.25)
Heat-kernel
Using the parametrix G 0 (λ) to zero order, we can also get the zero-order heat-kernel U 0 (t) by the inverse Laplace transform
where w is a negative constant and ε is an infinitesimal positive parameter. Calculating the integrals we obtain
Thus, we see that, since the integrand is vanishing for ν < ζ 2 , the region 0 < ν < ζ 2 does not contribute to the integral and one can do the shift of the integration variable
(3.30) Substituting here (3.23) and calculating the Gaussian integrals we obtain
It is indeed well known that the L 2 trace of the heat-kernel of a self-adjoint elliptic operator of second order, F , admits an asymptotic expansion as
33) where
is the first of the so-called heat-kernel coefficients [1] . This particular coefficient is a purely boundary contribution [1] , and it is almost obvious that it can be evaluated by integrating the fiber trace of the boundary contribution of the heat-kernel. Thus, we take the diagonal Ω B (t|x, x), with x µ = (r,x i ), and integrate over r from 0 to ∞. By rescaling the integration variables ζ → t −1/2 ζ, ω → t −1/2 ω and r → t 1/2 r we obtain for the trace of the heat-kernel
(3.37)
Now, by using the representation
and computing a Gaussian integral over ω, we obtain
On performing the change ζ → −ζ this can be further transformed into
The integral over p is also Gaussian and can be easily computed,
Eventualy,
Further calculations of general nature, without knowing the algebraic properties of the matrices A jk , seem to be impossible. One can, however, evaluate the integral in form of an expansion in the matrices A jk , or Γ i . Using the Gaussian integrals
we obtain
and, therefore,
Since our main result (3.41) is rather complicated, we now consider a number of particular cases of physical relevance.
1. The simplest case is, of course, when the matrices A ij vanish, A ij = 0. Then one gets the familiar result for mixed boundary conditions [1, 2] 
2. The first non-trivial case is when the matrices Γ i form an Abelian algebra,
One can then easily compute the integral (3.41) explicitly,
where Γ 2 ≡ĝ ij Γ i Γ j . Therefore
In the case Π = 0, this coincides with the result of ref. [3] , where the authors considered the particular case of commuting Γ i matrices (without noting this explicitly).
Let us assume that the matrices
One can then evaluate the integral over ζ and obtain
where the determinant det T ∂M is taken over the indices in the tangent space to the boundary (we used detĝ = 1). Then we obtain the final result
4. A particular realization of the last case is when the matrices Γ i satisfy the Dirac type condition
Then, of course, the matrices A ij commute and the result is given by eq. Thus,
Note that this differs essentially from the result of ref. [3] , and shows again that the result of ref. [3] applies actually only to the completely Abelian case, when all the matrices Γ j commute. Note also that, in the most interesting applications (e.g. in quantum gravity), the matrices Γ i do not commute. The result (3.41), however, is valid in the most general case.
5.
A very important case is when the operator Λ is a natural operator on the boundary.
Since it is of first order it can be only the generalized Dirac operator. In this case the matrices Γ j satisfy the condition
where κ is a constant. Hence the matrices A ij obviously commute and we have the case considered above (see (3.53) ). The determinant is easily calculated,
and we eventually obtain
Thus, we see that there is a singularity at κ = 1. This happens because, for κ = 1, the strong ellipticity condition is broken (see also [11] ). Indeed, the strong ellipticity condition (2.79),
implies in this case κ < 1 (cf. [11] ).
4 Analysis of ellipticity in a general gauge theory on manifolds with boundary
In this section we are going to study gauge-invariant boundary conditions in a general gauge theory (for a review, see [13] ). A gauge theory is defined by two vector bundles, V and G, such that dim V > dim G. V is the bundle of gauge fields ϕ ∈ C ∞ (V, M), and G is the bundle of parameters of gauge transformations ǫ ∈ C ∞ (G, M). Both bundles V and G are equipped with some Hermitian positive-definite metrics E, E † = E, and γ, γ † = γ, and the corresponding natural L 2 scalar products (, ) V and (, ) G . The infinitesimal gauge transformations
are determined by a first-order differential operator R,
Further, one introduces two auxiliary operators,
and one defines two differential operators,
The operators X and Y should satisfy the following conditions (but are otherwise arbitrary):
1) The differential operators L and H have the same order.
2) The operators L and H are formally self-adjoint (or anti-self-adjoint).
3) The operators L and Y are elliptic.
From these conditions we find that there are two essentially different cases:
Case I. X is of first order and Y is of zero order, i.e.
whereR ≡ γ −1 R † E. Then, of course, L and H are both second-order differential operators,
Case II. X is of zero-order and Y is of first order. Let R be the bundle of maps of G into V , and let β ∈ R be a zero-order differential operator. Then
whereβ ≡ γ −1 β † E, and the operators L and H are of first order,
We assume that, by suitable choice of the parameters, the second-order operatorRR can be made of Laplace type and the first-order operatorβR can be made of Dirac type, and, therefore, have non-degenerate leading symbols,
The dynamics of gauge fields ϕ ∈ C ∞ (V, M) at the linearized (one-loop) level is described by a formally self-adjoint (or anti-self-adjoint) differential operator,
This operator is of second order for bosonic fields and of first order for fermionic fields. In both cases it satisfies the identities ∆R = 0,R∆ = 0, (4.14)
and, therefore, is degenerate. We consider only the case when the gauge generators are linearly independent. This means that the equation
for ξ = 0, has the only solution ǫ = 0. In other words,
i.e. the rank of the leading symbol of the operator R equals the dimension of the bundle G,
We also assume that the leading symbols of the generators R are complete in that they generate all zero-modes of the leading symbol of the operator ∆, i.e. all solutions of the equation
for ξ = 0, have the form
with some ǫ. In other words, 20) and hence
Further, let us take the operator H of the same order as the operator ∆ and construct a formally (anti)-self-adjoint operator,
It is easy to show the following result:
Proposition 1 The leading symbol of the operator F is non-degenerate, i.e.
det V σ L (F ; x, ξ) = 0, (4.24)
for any ξ = 0.
Proof. Indeed, suppose there exists a zero-mode, say ϕ 0 , of the leading symbol of the operator
But this means
and hence
Thus, ϕ 0 is a zero-mode of the leading symbol of the operator ∆, and according to the completeness of the generators R must have the form ϕ 0 = σ L (R)ǫ for some ǫ. Substituting this form into the eq. (4.27) we obtain
Herefrom, by taking into account the non-singularity of σ L (Y L), it follows ǫ = ϕ 0 = 0, and hence the leading symbol of the operator F does not have any zero-modes, i.e. it is non-degenerate. Thus, the operators L and F have, both, non-degenerate leading symbols. In quantum field theory the operator X is called the gauge-fixing operator, F the gauge-field operator, the operator L the (Faddeev-Popov) ghost operator and the operator Y in the Case II the third (or Nielsen-Kallosh) ghost operator. The most convenient and the most important case is when, by suitable choice of the parameters it turns out to be possible to make both the operators F and L either of Laplace type or of Dirac type. The one-loop effective action for the gauge fields is given by the functional superdeterminants of the gauge-field operator F and the ghost operators L and Y [13]
Bosonic gauge fields
Let us consider first the case of bosonic fields, when ∆ is a second-order formally selfadjoint operator. The gauge invariance identity (4.14) means, in particular,
Now we assume that both the operators L =RR and F = ∆ + RR are of Laplace type, i.e.
On manifolds with boundary one has to impose some boundary conditions to make these operators self-adjoint and elliptic. They read
where ψ(ǫ) and ψ(ϕ) are the boundary data for the bundles G and V , respectively, and B L and B F are the corresponding boundary operators (see section 2.1). In the gauge theories one tries to choose the boundary operators B L and B F in a gauge-invariant way, so that the condition B F ψ(Rǫ) = 0 (4.37)
is satisfied identically for any ǫ subject to the boundary conditions (4.35) . This means that the boundary operators B L and B F satisfy the identity
where [ψ, R] is the commutator of the linear boundary data map ψ and the operator R.
We will see that this requirement fixes completely the form of the as yet unknown boundary operator B L . Indeed, the most natural way to satisfy the condition of gauge invariance is as follows. Let us decompose the cotangent bundle T * M in such a way that ξ = (N, ζ) ∈ T * M, where N is the inward pointing unit normal to the boundary and ζ ∈ T * ∂M is a cotangent vector on the boundary. Consider the restriction W 0 of the vector bundle V to the boundary. Let us define restrictions of the leading symbols of the operators R and ∆ to the boundary, i.e. If some ǫ is a zero-mode of the operator L, i.e. ǫ ∈ Ker (L), this is identically zero. For all ǫ / ∈ Ker (L) this is identically zero for the Dirichlet boundary conditions (4.50). In other words, the requirement of gauge invariance of the boundary conditions (4.36) determines in an almost unique way (up to zero-modes) that the ghost boundary operator B L should be of Dirichlet type. Anyway, the Dirichlet boundary conditions for the operator L are sufficient to achieve gauge invariance of the boundary conditions for the operator F .
Since the operatorR in the boundary conditions (4.51) is a first-order operator, the set of boundary conditions (4.48) and (4.51) is equivalent to the general scheme formulated in section 2.1. Separating the normal derivative in the operatorR we find exactly the generalized boundary conditions (2.13) with the boundary operator B F of the form (2.27) with a first-order operator Λ :
These matrices are anti-self-adjoint,Γ i = −Γ i , and satisfy the relations
Thus, one can now define the matrix
where µ ≡ µ j ζ j , and study the condition of strong ellipticity (2.78). The condition of strong ellipticity now reads
Further, using the eqs. (4.53), (4.44) and (4.45) we evaluate
Since for non-vanishing ζ the part proportional to Π is positive-definite, the condition of strong ellipticity for bosonic gauge theory means
We have thus proved a theorem: 
Fermionic gauge fields
In the case of fermionic gauge fields, ∆ is a first-order formally self-adjoint (or anti-selfadjoint), degenerate (i.e. gauge-invariant) operator with leading symbol satisfying
Now we have the case II, hence, we assume both the operators L =βR and F = ∆+ββRβ to be of Dirac type, i.e. the operators L 2 and F 2 are of Laplace type:
Note that now we have two systems of Dirac matrices, γ µ on the bundle G and Γ µ on V . They are defined by the leading symbols of the Dirac type operators L and F , Herefrom, we find that the following operators:
The boundary conditions for the Dirac type operators L and F are given by projectors (see (2.33)),
The problem is to make them gauge-invariant. Here the projectors P L and P F are defined by means of the matrices γ µ and Γ µ , respectively. The gauge transformation of the equation (4.76) is
Noting that, on the boundary,
and assuming that µ commutes with P L , we get herefrom two conditions on the boundary projectors,
Such gauge-invariant boundary operators always exist. We will construct them explicitly in section 6 in the course of studying the Rarita-Schwinger system.
Strong ellipticity in the Yang-Mills model
The first physical application that we study is the strong ellipticity condition in the YangMills model. Now G = A is the Lie algebra of a semi-simple and compact gauge group, and V is the bundle of 1-forms taking values in A, i.e. V = T * M ⊗ G. Let h be the Cartan metric on the Lie algebra defined by
C a bc being the structure constants of the gauge group, and the fiber metric E on the bundle V be defined by
The Cartan metric is non-degenerate and positive-definite. Therefore, the fiber metric E is always non-singular and positive-definite. Henceforth we will suppress the group indices. The generator of gauge transformations is now just the covariant derivative
The leading symbols of these operators are
whereξ ≡ tr g ξ is a mapξ :
so that the operator L =RR is indeed a Laplace type operator. The gauge-invariant operator ∆ in linearized Yang-Mills theory is defined by the leading symbol
Thus, the operator F = ∆ + H is of Laplace type,
Further, we find
and 11) where N is the normal cotangent vector, and ζ ∈ T * ∂M. The projector Π has the form Π = q, (5.12)
In components, this reads
Thus, the gauge-invariant boundary conditions are
SinceζN =Nζ =< ζ, N >= 0, we find from (5.10) and (5.11) 17) and hence the matrices Γ i in (2.58), as well as T = Γ i ζ i , vanish:
Therefore, the matrix T 2 + ζ 2 1 I = ζ 2 1 I is positive-definite, so that the strong ellipticity condition (2.78) or (4.61) is satisfied.
Thus, we have
Theorem 6 A Laplace type operator F acting on 1-forms taking values in a semisimple
Lie algebra G, F :
with the boundary conditions (5.15) and (5.16) , is elliptic.
Since such boundary conditions automatically appear in the gauge-invariant formulation of the boundary conditions in one-loop Yang-Mills theory, we have herefrom
Corollary 1 The boundary-value problem in the one-loop Euclidean Yang-Mills model determined by a Laplace type operator and the gauge-invariant boundary conditions defined by (5.15) and (5.16) is strongly elliptic.
6 Ellipticity for the Rarita-Schwinger system The next step is the analysis of Rarita-Schwinger fields. The bundle G is now the bundle of spinor fields taking values in some semi-simple Lie algebra A, i.e. G = S ⊗ A, and V is the bundle of spin-vector fields, in other words, V is the bundle of 1-forms taking values in the fiber of G, i.e. V = T * M ⊗ G. The whole theory does not depend on the presence of the algebra A, so we will omit completely the group indices.
Let γ µ be the Dirac matrices and γ be the Hermitian metric on the spinor bundle S determined by
The fiber metric E on the bundle V is defined by
with a parameter α. By using (6.1) it is easily seen that E it is Hermitian, i.e.
if α is real. The inverse metric reads
Therefore, the fiber metric E is positive-definite only for α > −1/m and is singular for α = −1/m. Thus, hereafter α = −1/m. In fact, for α = −1/m the matrix E µ ν becomes a projector on a subspace of spin-vectors ϕ µ satisfying the condition γ µ ϕ µ = 0. The generator of gauge transformations is now again, as in the Yang-Mills case, just the covariant derivative [14] R = b∇ G , (6.6) where b is a normalization constant, with leading symbol
Now we have the Case II of section 4, and hence we define the map β : G → V and its adjointβ :
The operator X of Eq. (4.3) is now equal toβ so that the operator L =βR is of Dirac type with leading symbol
The leading symbol of the operator H = ββRβ reads
The gauge-invariant operator ∆ is now the Rarita-Schwinger operator with leading symbol
Here and below we denote the antisymmetrized products of γ-matrices by
Of course, the leading symbol is self-adjoint and gauge-invariant, in that
Further, the leading symbol of the operator
Using the properties of the Clifford algebra we compute
(6.16) Moreover, one can prove the following property of representation theory:
where ω is defined by
form a representation of the Clifford algebra, i.e.
Herefrom it is clear that the set of matrices 20) with arbitrary non-degenerate matrix T (α ′ ) depending on a parameter α ′ , also forms a representation of the Clifford algebra. By choosing 21) and, hence,
we prove, more generally, what follows.
Corollary 2 The matrices
25) 
The simplest case is m = 4, one has then α = α ′ = 0, b = ± √ 2. After this choice the operator F is of Dirac type, i.e. σ L (F ) = −εΓ µ ξ µ , with
Thus, we have two Dirac type operators, L and F , that have elliptic leading symbols. By choosing the appropriate boundary conditions with the projectors P L and P F the system becomes elliptic. The problem is to define the boundary projectors in a gauge-invariant way. Let P L the boundary projector for the ghost operator L,
Remember that it satisfies the symmetry condition (2.45). Then we choose the boundary conditions for the gauge field in the form
where q is a projector defined by (5.13). The gauge transformation of (6.32) reads
and does not include the normal derivative. We are assuming that the projector P L commutes with the tangential derivative (as is usually the case, we find that their commutator vanishes identically by virtue of the boundary conditions on ǫ). The gauge transformation of the second eq. (6.33) is proportional exactly to the operator L, L
By expanding ǫ in the eigenmodes of the operator L we find that this is proportional to the boundary conditions on ǫ (6.31), and therefore vanishes. Thus, the boundary conditions (6.32) and (6.33) are gauge-invariant. They can be re-written in another convenient form,
This defines eventually the boundary projector P F for the gauge operator F ,
If the projector P L satisfies the symmetry condition (2.45) then so does the projector P F (of course, one has to check it with the matrix Γ µ N µ defined by (6.17 
Euclidean quantum gravity
Generalized boundary conditions similar to the ones studied so far occur naturally in Euclidean quantum gravity [4, 5] . The vector bundle G is now the bundle of cotangent vectors, G = T * M, and V is the vector bundle of symmetric rank-two tensors over M: V = T * M ∨ T * M, ∨ being the symmetrized tensor product. The metric on the bundle G is, naturally, just the metric on M, and the fiber metric E on the bundle V of symmetric 2-forms is defined by the equation
where α is a real parameter. One has also, for the inverse metric,
We do not fix the α parameter from the beginning, but rather are going to study the dependence of the parametrix on it. It is not difficult to show that the eigenvalues of the matrix E are 1 (with degeneracy m(m + 1)/2 − 1) and (1 + αm). Therefore, this metric is positive-definite only for
and becomes singular for α = −1/m. Thus, hereafter α = −1/m. The generator R of (infinitesimal) gauge transformations is now defined to be the Lie derivative of the tensor field ϕ along the cotangent vector ǫ,
The adjoint generatorR with the metric E is defined by its action,
The leading symbol of the ghost operator L =RR takes now the form
Therefore, we see that it becomes of Laplace type only for α = −1/2. Note also that the operator L has positive-definite leading symbol only for α > −1, and becomes degenerate for α = −1. Further, the leading symbol of the operator H = RR reads
The gauge-invariant operator ∆ is well known (see, e.g. [13, 14] ). It has the following leading symbol:
Thus, we see that the operator F = ∆ + H is of Laplace type only in the case α = −1/2. Let us, however, consider for the time being a Laplace type operator F on symmetric 2-forms with a fiber metric (7.1) with an arbitrary parameter α. Further, we define the projector Π
where q ab ≡ g ab − N a N b . It is not difficult to check that it is self-adjoint with respect to the metric E, i.e.Π = Π, and that
Thus, we consider a Laplace type operator F acting on symmetric 2-forms with the following boundary conditions: Π ab cd ϕ cd ∂M = 0, (7.11)
Separating the normal derivative we find from here the boundary operator B F of the form (2.27), the operator Λ being given by (2.58) with the matrices Γ i defined by
It is not difficult to check that these matrices are anti-self-adjoint and satisfy the conditions (2.59) and (2.60). The matrix T ≡ Γ j ζ j reads (cf. [9] )
where We also define further projectors, 18) which are mutually orthogonal:
The matrices p 1 and p 2 , however, are nilpotent: p 
Therefore, we have
We compute further
Last, by using tr p = tr ρ = 1, (7.25) tr p 1 = tr p 2 = 0, (7.26)
we obtain tr T 2n = 2(iτ ) 2n , tr T 2n+1 = tr T = 0. (7.27) This suffices to prove:
Lemma 1 For any function f analytic in the region |z| ≤ τ , one has This means that the eigenvalues of the matrix T 2 for a non-vanishing ζ j are 0 and −1/[2(1 + α)]ζ 2 . Thus, the strong ellipticity condition (2.79), which means that the matrix (T 2 + ζ 2 1 I), for non-zero ζ, should be positive-definite, takes the form
This proves finally 
Remarks. First, let us note that the condition (7.32) of ellipticity is compatible with the condition (7.3) of positivity of the fiber metric E. Second, it is exactly the value α = −1/2 that appears in the gauge-invariant boundary conditions in one-loop quantum gravity in the minimal DeWitt gauge. For a general value α = −1/2, the operator F resulting from ∆ and H is not of Laplace type, which complicates the analysis significantly. In other words, we have a corollary [9] :
The boundary-value problem in one-loop Euclidean quantum gravity, with a Laplace type operator F acting on rank-two symmetric tensor fields, and with the gaugeinvariant boundary conditions (7.11 ) and (7.12) , the fiber metric being E with α = −1/2, is not strongly elliptic.
We can also evaluate the coefficient a 1/2 of heat-kernel asymptotics. This is most easily obtained by using the representation (3.41) of the coefficient b 1/2 in form of a Gaussian integral. Using eq. (7.21) we get first One should bear in mind that ρ is a projector that depends on ζ (see (7.17) ). Although ρ is singular at the point ζ = 0, the integral is well defined because of the difference of two exponential functions. Calculating the Gaussian integrals we obtain Thus, we see that there is a singularity at α = −1/2, which reflects the lack of strong ellipticity in this case.
Heat-kernel diagonal in the non-elliptic case
Consider now the case α = −1/2. From eq. (7.28) we have, in particular, For the boundary-value problem to be strongly elliptic, this determinant should be nonvanishing for any (ζ, λ) = (0, 0) and λ ∈ C − R + , including the case λ = 0, ζ = 0. Actually we see that, for any non-zero λ / ∈ R + , this determinant does not vanish for any ζ. However, for λ = 0 and any ζ it equals zero, which means that the corresponding boundary conditions do not fix a unique solution of the eigenvalue equation for the leading symbol, subject to a decay condition at infinity. This is reflected by the simple fact that the coefficient a 1/2 of the asymptotic expansion of the heat-kernel is not well defined, in that the integrals that determine it are divergent. At the technical level, the nonellipticity is reflected in the fact that the heat-kernel diagonal, although well defined, has a non-standard non-integrable behavior near the boundary, i.e. for r → 0.
To prove this property, let us calculate the fiber trace of the heat-kernel diagonal. Using (3.23) and (7.28) we get tr V h(µ, ζ) = tr V 1 I − 2Π + 2ζ 
Concluding remarks
Let us underline shortly the main results of this paper. We have studied a generalized boundary-value problem for operators of Laplace type, where a part of the field is subject to Dirichlet boundary conditions, and the remaining part is subject to conditions that generalize the Robin case by the inclusion of tangential derivatives. The corresponding boundary operator can be always expressed in the form (2.27), where Λ is a tangential differential operator of the form (2.58). The fermionic analysis for Dirac type operators has also been developed. The strong ellipticity of the resulting boundary-value problem is crucial, in particular, to ensure the existence of the asymptotic expansions frequently studied in the theory of heat-kernels [1] . In physical problems, this means that the semiclassical expansions of the Green functions and of the effective action in quantum field theory are well defined and can be computed explicitly on compact Riemannian manifolds with smooth boundary. The occurrence of boundaries plays a key role in the path-integral approach to quantum gravity [15] , and it appears desirable to study the strong ellipticity problem for all gauge theories of physical interest, now that a unified scheme for the derivation of BRST-invariant boundary conditions is available [6] . We have thus tried to understand whether the following requirements are compatible:
(i) The gauge-field operator, F , should be of Laplace type (and the same for the ghost operator);
(ii) Local nature of the boundary operator B F (in fact, we have studied the case when B F is a first-order differential operator, and boundary projectors for fermionic fields);
(iii) Gauge invariance of the boundary conditions;
(iv) Strong ellipticity of the boundary-value problem (F, B F ).
First, we have found a condition of strong ellipticity (see (2.78)) for a generalized boundaryvalue problem for a Laplace type operator. For operators of Dirac type, one finds instead the ellipticity properties described in our Theorem 4. Second, we have constructed the parametrix and the heat-kernel in the leading approximation (sect. 3.1 and sect. 3.2) and evaluated the first non-trivial heat-kernel coefficient A 1/2 in Eqs. (3.43) and (3.46). Third, we have found a criterion of strong ellipticity of a general gauge theory in terms of the gauge generators (see (4.61)). As physical applications of the above results we have studied the Yang-Mills, Rarita-Schwinger and Einstein models. Interestingly, only in the latter the strong ellipticity condition is not satisfied if the conditions (i), (ii) and (iii) hold. Moreover, the gauge-invariant boundary conditions for the Rarita-Schwinger system have been found to involve only the boundary projector for the ghost operator. As far as we know, our results as well as the consequent analysis of the physical gauge models, are completely original, or extend significantly previous work in the literature [3, 9, 11] . Since we find that, for gravitation, the four conditions listed above are not, in general, compatible, it seems that one should investigate in detail at least one of the following alternatives:
